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Abstract 

We describe certain sufficient conditions for an infinitely divisible prob- 
ability measure on a class of connected Lie groups to be embeddable in con- 
tinuous one-parameter semigroups of probability measures. (Theorem II. 3p . 
This enables us in particular to conclude the embeddability of all infinitely 
divisible probability measures on certain Lie groups, including the so called 
Walnut group (Corollary ll.5|) . The embeddability is concluded also under 
certain other conditions (Corollary 11.41 and Theorem II. 6p . 

1 Introduction 

Let G be a Lie group. We denote by P(G) the space of probability measures 
on G, equipped with the convolution product and the usual weak* topology. A 
/i G P{G) is said to be infinitely divisible if it admits convolution roots of all 
orders and it is said to be embeddable if there exists a continuous one-parameter 
convolution semigroup {fit}t>o such that /ii = /i. It has been conjectured that 
when G is a connected Lie group every infinitely divisible probability measure on 
G is embeddable; the latter is known as the embedding property. The results in [S] 
and [9] show that this holds under the additional condition that the nilradical of 
G contains no torus of positive dimension. The embedding property is also known 
to hold for all nilpotent Lie groups. An example of a nonnilpotent Lie group for 
which the above condition fails occurs in dimension 4. Partial results towards the 
embedding property were proved for this group, termed as the Walnut group, in 
[10] . taking off from the Ph.D. thesis of S. Walker. 

In this paper we prove some new results on the embeddability of infinitely 
divisible measures on a class of connected Lie groups, under an assumption on 
the measure (see Theorem ll.3p . This in particular enables us to settle the em- 
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bedding problem for the Walnut group, and also a larger group containing it (see 
Corollary [T5j) • 

We now begin with some more notation and a formal statement of the main 
results. Let G be a Lie group. For any closed subset S of G we denote by P(S) the 
subspace of P{G) consisting of the probability measures whose support is contained 
in S. For a subset A of probability measures on G we denote by G(A) the smallest 
closed subgroup of G containing the supports of all A G A, and by Z(A) the 
centraliser of G(A) in G. For A G P(G), G({A}) and Z({\}) will be written as 
G{X) and Z(X) respectively. For A G P(G) we denote by N(X) the normaliser of 
G(X) in G. We recall that given a (convolution) root p of A, there exists x G N(\) 
such that p G P(xG(X)); furthermore, if p n = A then for every such x we have 
x n G G(X) (see, for instance, [TT], Lemma 2.2). 

We shall mainly be concerned with Lie groups which admit surjective homo- 
morphisms onto almost algebraic groups, with kernels contained in the center; see 
Theorem 11.31 below. By an almost algebraic group we mean a Lie group which is 
(Lie isomorphic to) a subgroup of finite index in a real algebraic group (the group 
of real points of an algebraic group defined over R); see [S], § 2, for some generali- 
ties in this respect. Let G be an almost algebraic group. For a subset A of P(G) we 
shall denote by G(A) the smallest almost algebraic subgroup of G containing G(A) 
(or, equivalently, suppA for all A G A). For v G P(G), G{y) stands for G({u}) and 
N(u) denotes the normaliser of G{v) in G. We note that for any v G P{G), Z{y) 
is an algebraic subgroup of G and it is also the centraliser of G{y). Also, for any 
v G P(G), N(u) is contained in N(v). 

For a Lie subgroup H we denote by H° the connected component of the identity 
in H; (in the case of G(X), Z(X) etc. the identity component will be written as 
G°(X), Z°(X) etc.). 

Definition 1.1. Let p G P{G). A subset \l/ consisting of roots of p in P(G) is 
called a root cluster of p if the following conditions are satisfied: 

i) if n G N and p G \I/ is a n th root of p then p k G \& for all A; dividing n; 

ii) for all p G \I/ and z G Z(p), zpz~ x G 

iii) for all n G N, {p G ^ | p n = p} is a nonempty closed subset of P{G). 

We note that if p is infinitely divisible then the set of all roots of p in P(G) is 
a root cluster for P(G). 

Definition 1.2. Let p G P{G). A family {p r }reQ+) where Q + is the additive 
semigroup consisting of all positive rationals, is called a rational embedding of p 
if pi = p and r i— > p r is a homomorphism of Q + into P(G). 

It is known that every rational embedding {p r } r eQ+ extends uniquely to an 
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embedding {fJ,t}t>o ( see [B]), so if \i admits a rational embedding then it is contin- 
uously embeddable. 

We prove the following. 

Theorem 1.3. Let G be a connected Lie group admitting a surjective continuous 
homomorphism p : G — > G onto an almost algebraic group G, such that kerp 
is contained in the center of G and (kerp) is compact. Let T = (kerp) and 
q : G — > G/T be the quotient homomorphism. Let fi G P{G) be such that q(fi) has 
no nontrivial idempotent factor in P(G/T). Let ^ be a root cluster of fi. Then 
there exists a rational embedding {fi r }re<Q+ °f A* such that fi r G \1/ for all r G Q + ; 
in particular, if \i is infinitely divisible then it is embeddable. 

From the theorem we deduce also the following corollary, for a general connected 
Lie group. 

Corollary 1.4. Let G be a connected Lie group and N be the nilradical of G. If 
\i G P{N) is infinitely divisible in P{G) then fi is embeddable in P{G). 

We next describe certain special groups for which the embedding problem can 
now be settled. Let H be the 3-dimensional Heisenberg group, Z be the (one- 
dimensional) center of H and D an infinite cyclic subgroup of Z. Let N = H/D 
and T = Z/D. Then N is a nilpotent Lie group and T is the maximal torus in 
N. The group SL(2, M) has a canonical action on H as a group of automorphisms, 
such that Z is point- wise fixed and the quotient action on N/Z, which we view as 
M 2 , is the usual linear action of SL(2, M) on M 2 . As D is pointwise fixed under the 
action we get a quotient action of SL(2, R) on N, as a group of automorphisms. 
Let G be the semidirect product of SL(2,M) and iV with respect to the action. It 
may be recalled here that this group plays an important role in the study of Jacobi 
forms; see [12]. We view SL(2,M) and iV as subgroups of G, canonically. Let K 
be the subgroup of SL(2, M) consisting of rotations of M 2 around (with respect 
to a fixed Hilbert norm on M 2 ). The subgroup of G containing K and N, which is 
the semidirect product of the two subgroups with respect to the K action on N, is 
the Walnut group; see [TO] and [U] for more details. We shall denote the subgroup 
In U\ 

Applying Theorem 11.31 together with certain known results we deduce the fol- 
lowing. 

Corollary 1.5. Let G be the semidirect product of SL(2,M) and N as above. Let 
H be a closed connected subgroup of G. Then every infinitely divisible probability 
measure in P(H) is embeddable in P(H). In particular, every probability measure 
which is infinitely divisible in P(W) is embeddable in P(W). 

In the proof of Theorem [L3] the condition that q(fi) has no idempotent factor is 
needed only in the case G(jj,)/[G(fj),G(fj)] is not compact. Using this observation 
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together with some facts about Lie groups we conclude also the following result, 
for all connected Lie groups (not involving the condition as in Theorem 11.31) . 

Theorem 1.6. Let G be a connected Lie group and fi G P{G) be infinitely divisible. 
Suppose that G(/i)/[G(/z), G(/i)] is compact. Then fi is embeddable. 

2 Some generalities on central extensions 

Let G be a Lie group, not necessarily connected, and suppose that there exist an 
almost algebraic group G and a surjective continuous homomorphism p : G — > G 
such that kerp is a compactly generated subgroup contained in the center of G and 
(kerp) is compact. Then kerp has a unique maximal compact subgroup which we 
shall denote by A, and kerp is isomorphic to A x 27 for some r > 0. The connected 
component of the identity in A, which is a torus, will be denoted by T. 

Let /i G P{G) and v = p(/i). For each z G Z{y) we define a map ip z : G(v) — >• 
kerp as follows: let x G G(V), and £, ( G G be such that p(£) = x and p(() = z (we 
recall that p is surjective); since x and z commute with each other, the element 
C£C -1 £ -1 is contained in kerp, and since kerp is central in G it follows that this 
element is independent of the choices of £ and ( (depends only on x and z); we 
define ip z (x) to be C^C -1 ^ 1 - Clearly ip z is a continuous map for all z. Also, 
for z = p(() G Z(u), given x = p((,),x' = p(C) £ we have ip z (xx') = 

e££ / e~ 1 (££ / )~ 1 = C£C Vz^O'C 1 = "^(^V'^')' as i>z{ x ') is central. This shows 
that each if) z is a homomorphism. Being an almost algebraic group G{v) has only 
finitely many connected components, and hence it follows also that for all z G Z{y) 
the image of tp z is contained in A. Furthermore, jxs the image is abelian, ip z factors 
canonically to a homomorphism of G(v)/[G(u), G{v)] into A (we note that as G{v) 
is almost algebraic, [G(v), G(i/)] is also almost algebraic and hence in particular a 
closed subgroup); we shall denote this homomorphism also by ip z . 

Lemma 2.1. Let Q be the smallest closed normal subgroup of G{i>) such that 
G{y)/Q is a vector group, and let V = G(v)/Q. Let K be the smallest closed 
normal subgroup of Z°(u) such that Z°(u)/K is a vector group. Then we have the 
following. 

i) for all z G Z°(i>), ip z factors to a continuous homomorphism ofV into T; 

ii) for all z G K, if) z is trivial, that is if) z (x) = e for all x G G(v). 

Proof. Let Horn (G(v)/[G(v), G(v)], A) be the group of continuous homomorphisms 
of G(u)/[G(v),G(u)] into A, under pointwise multiplication, equipped with the 
compact open topology. Let ip : Z(y) — > Horn (G(u)/[G(u),G(i/)],A) be the map 



4 



z i — y ip z for all z E Z[y) denned as above. It can be seen that ■?/> is a continuous 
homomorphism. 

As G{v) is an almost algebraic group, G(u)/[G(i'), G(u)} is an abelian Lie group 
with finitely many^ connected components. By Pontryagin duality theory this im- 
plies that Horn (G(v) /[G(v), Giv)], A) has no compact subgroup of positive di- 
mension. In particular its connected component of the identity is a vector group, 
(namely a topological group isomorphic to IR n for some n > 0). The identity 
component therefore consists of homomorphisms that factor to V and have their 
image contained in T; we shall denote the latter subgroup by Horn (V,T). Then 
by continuity, ip(Z°(v)) is contained in Horn (V, T); that is, for all z E Z°(u), ip z 
factors to a continuous homomorphism of V into T. This proves (i). Assertion (ii) 
is immediate from the definition of K and the fact that ip{Z°{v)) is a vector group. 
This proves the Lemma. □ 

Remark 2.2. If £ G p~ 1 {Z{v)) is such that VWC) ^ s trivial then ( G Z(fi). Indeed, 
for any £ G G{ji) we have C£C _1 £ _1 = ^VcoGKO) = e - Lemma I2TTI implies that 
(z,x) i — y ip(z,x) is a continuous bi-homomorphism of V x Z°(v)/K into T. Using 
Pontryagin duality we see that this map defines a bilinear pairing into the universal 
cover of T. 

Let K be the subgroup as in Lemma 12. 1[ We note that K is the subgroup 
containing [Z°(z/), Z®{y)\ (which is an almost algebraic normal subgroup of Z°{y)) 
and such that K / [Z° (u) , Z° (u)} is the maximal torus in the abelian Lie group 
Z°{v)/[Z°{v),Z°(v)]. Let W denote the vector space Z°{u)/K. For x G N{v) let 
t x : W — > W be the linear transformation of W induced by the conjugation action 
of x on Z°(i>), and let W x be the range of r x — I, where / denotes the identity 
transformation of W. We note that W x is the smallest r^-invariant subspace such 
that the factor of r x on W/W x is the identity automorphism. We shall denote by 
K(v, x) the subgroup of Z°(u) containing K and such that W x = K(u,x)/K. 

Lemma 2.3. Let x G N(u) and {g t } be a one-parameter subgroup in G{y) such that 
xg t x~ 1 g t ~ 1 is contained in Q, namely {gtQ} which is a one- dimensional subspace 
ofV = G(v)/Q is invariant under the action of x onV induced by the conjugation 
action. Then ip z (gt) = e for all t EM. and z E K(u, x). 

Proof. Let & denote the Lie algebra of G. Let £ G & be such that p(expt£) = g t 
for all t E M and let £ G & be any element such that {p(expt()} is contained in 
Z°(u). Then we have Ada?([f,C]) = [Ad x(£), Adx (()] = [f + 9, Adar(C)], where 
6 is an element of the Lie subalgebra of p~ x {Q). Since the restriction of tp z to Q 
is trivial for all z E Z°(u) (by Lemma l2.ip it follows that [0,Adx(£)] = 0, and 
hence we have Adx([£, £]) = [£, Adrr(£)]- On the other hand since [£,(] belongs 
to the Lie subalgebra corresponding to T, which is contained in the center of 



5 



G, we have Adx([£, £]) = [£,(]■ Therefore [£, Adx(£)] = [£, CL or equivalently 
Adx(C) — C] = f° r an C as above. This shows that for all t 6 I, expt£ 
centralises K(i/,x). Equivalently ip z {gt) — e for all t G R and z G x). □ 

We need the following consequence of the lemma in the proof of Theorem 11.31 

Corollary 2.4. Let $ be a set of roots of v. Let M be the smallest closed normal 
G($)- invariant subgroup of Z°(u) such that Z°(u)/M is a vector group and the 
induced G(&)- action on Z Q {y)jM is trivial. Let g G G(v) be such that gQ is a 
fixed point of the G{^)- action. Then ip z (g) = e for all z G M. 

Proof. Since G{y)/Q is a vector group, the subspace spanned by gQ is pointwise 
fixed under the G($)-action and hence there exists a one-parameter subgroup {gt} 
in G{y) such that g± = g and g t Q is pointwise fixed by G(§) for all t G R. Then for 
any x G by Lemma [2731 we get that ip z (gt) — e f° r all t G R and z G K(v, x), 

in the notation as above. Let W be the subspace spanned by all W x , x G G(&). 
Then the preceding conclusion (together with the definition of W x ) implies that 
ip z {g) = e for all z G Z^[y) such that zK G W . Now, W is invariant under the 
G($) action, and since W x is contained in W for all x G it follows that the 

G($)-action on the quotient W/W is trivial. Hence M as in the hypothesis is 
contained in W. This proves the corollary. □ 



3 Measures on vector spaces 

In this section we note certain properties of measures on vector spaces. For an 
abelian Lie group H we denote by H its dual group and for a finite measure A on 
H we denote by A the Fourier transform of A defined on H. A function / on H is 
said to vanish at infinity if for all e > there exists a compact subset C of H such 
that <eforallx£C. 

Proposition 3.1. Let V = W 1 , d > 2, and C be a compact connected Lie subgroup 
of GL(V) whose action has no nonzero fixed point in V . Let A G P(V) be a 
measure invariant under the C-action. Let A be an affine subspace ofV such that 
X(A) > 0. Then A is a vector subspace ofV. 

Proof. Let U be a minimal affine subspace contained in A with X(U) > 0. By 
the minimality condition for any g G C either gU = U or \{U fl gll) = 0. Let 
C' = {g G C | gU — U}; then C' is a closed subgroup of C. Suppose that C' is 
a proper closed subgroup. As C is a connected Lie group it follows that C/C' is 
uncountable. We can therefore find an uncountable subset E of C consisting of 
elements belonging to distinct cosets of C', so for any distinct g, g' in E we have 
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g~ x g' £ C. Then \(gU n #'£/) = A(C/ n g^g'U) = for any distinct g,g' in £, 
which means that {gU} g( zE are pairwise essentially disjoint. But this is not possible 
since A is C-invariant, X(U) > and E is uncountable. Therefore C = C, which 
means that U is C-invariant. Now we consider V equipped with a C-invariant 
Hilbert norm. Then the point of U closest to the origin would be a fixed point for 
the C-action. Since by hypothesis there is no nonzero fixed point, the point must 
be the origin. Therefore U, and in turn A, contains 0. This shows that A is a 
vector subspace. 

Theorem 3.2. Let V = ~R d , d > 2, and C be a compact connected Lie subgroup 
of GL(V) whose action has no nonzero fixed point in V. Let A G P(V) be a C- 
invariant measure on V , such that there is no proper vector subspace of positive 
\-measure. Then X d has a density on V with respect to the Lebesgue measure; in 
particular, A vanishes at infinity. 

Proof. For all x G V\{0}, Cx is an analytic submanifold of V of positive dimension. 
For any x G V we denote by T x the tangent space to Cx at x; then dim T x > 
for all x 7^ 0. We shall first show that for almost all (xi, . . . , Xj) in V d , with 
respect to the measure \® d (the o?th Cartesian power of A), T Xl + • • • + T Xd = V. 
We observe that, if x±,X2, • • • ,x n is a finite sequence in V such that T Xk+1 is not 
contained in Yli=i T x . for k = 1, . . . ,n — 1, then k i-> dim(^ fc =1 T x .) is strictly 
increasing, hence n < d. For oj = (xi, • • • ,Xd+i) G V d+1 we denote by n(u) the 
least k < d such that T Xk+1 C ^2* =1 T xv and by p(u) the dimension of ^Ji=\ T Xi ; 
then n(u) < p(u) < d. Let p be the essential infimum of the function p(oo) over 
V d+1 with respect to the measure \®( d+1 \ If we show that p — d it would follow 
that Eti T Xi = V, A^-a.e.. 

Suppose p < d. Then there exist x±, . . . , Xk, for some k < p such that Y^l=i T Xi 
is a p-dimensional subspace and T x C Xli=i f° r a ^ 1 i n a set of positive A 
measure. Let W = £* =1 T :ri and 5 = {x G V | T x C H^}. Then we have 
A(S') > 0. For x £ V let m x denote the normalised C-invariant measure on Cx, 
let V be the space of C-orbits and A the projection of A on V. We decompose 
A into conditional measures over the quotient space. Since A is C-invariant the 
conditional measures are m x for A-almost all x G V. Thus A = J m x d\(x). Let 
S' = {x G S | m x (S) > 0}; then X(S') = X(S) > 0. Consider x G 5'. Since 
the map y t-» T y is analytic over y G Cx, and T y C W for y in a set of positive 
m^-measure it follows that T y C W for all y G Cx. Now if {7(2)} is a different iable 
curve on Cx and I is a linear form on V vanishing on W, then the condition that 
T y C W for all y G Cx implies that the derivative of / o 7 is zero. This shows that 
Cx is contained in x + W. Let U be the subspace spanned by {kx — k'x \ k, k' G C}. 
Then [/ is a C-invariant subspace of W and also x + U is C-invariant. We consider 
V equipped with a C-invariant Hilbert norm. Then x + U has a unique point 
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of minimum norm, and hence the point must be fixed under the C-action. Since 
by hypothesis there are no nonzero fixed points we get that G x + U, which 
means that x G U C W . Thus we have shown that 5" is contained in W. Hence 
\{W) > X(S') > 0. Since W is of dimension p < d and by hypothesis there is no 
proper subspace of positive A-measure this is a contradiction. This implies that 
p = d, and hence £)t=i T x . = V, A® d - a.e.. 

We now consider the map <p : V d — > V given by (p(u) = X\ + ■ • • + Xd for u = 
{xi, ■ ■ ■ , x d ) G V d , and the Borel set E = {u = (x lt ■ ■ ■ , x d ) G V d | £ti T Xi = V} 
which satisfies \® d (E) = 1. For u & E, the differential of at u is surjective, and 
hence for some neighbourhood A of a; in Cx\ x • ■ ■ x Cx d , V 9 (^) is an open subset 
of V^; also the push forward by if of the restriction to A of m Sl <8) • • • <g> has a 
density with respect to Lebesgue measure on V. Since this property is valid A® d 
- a.e., and X d = J <p(m Xl <E> • ■ ■ <E> m 5d )(iA (8 " i (a;), we get that X d has also a density 
with respect to Lebesgue measure on V. The last assertion in the statement of the 
theorem follows from the Riemann-Lebesgue Lemma. □ 

4 Asymptotics of measures under shear transfor- 
mations 

In this section we apply Proposition 13.11 to prove certain general results about 
asymptotics of measures under the action of sequences from a special class of 
automorphisms; see [1] for other results on the theme. 

Let L be a locally compact second countable group. Suppose that L has a 
torus T contained in its center, and a closed normal subgroup R such that L/R is 
a vector group. Let W = L/R and 9 : L — > W be the quotient homomorphism. For 
any a G Horn (W,T) we get an automorphism a of L defined by a(g) = ga(gR) 
for all g G G; such an automorphism is called a shear automorphism. 

We consider below Horn (W, T) as a vector space; it will be convenient to use 
the additive notation, with the symbol "+" for the group operation in Horn (W, T). 
For any fi G P(L) let X(/i) = {a G Horn (W,T) \ a(fi) = fi}. 

Lemma 4.1. Let the notation be as above. Let \x G P{L). Suppose that every 
affine subspace ofW of positive 8(fi) -measure is a vector subspace. Then X(fi) is 
a vector subspace of Horn (W,T). 

Proof. Let a G X(fi) be a nontrivial element and let {at} be the unique line in 
Horn (W,T) containing a. Let {fi w } w( zw be the conditional measures of // over 
the fibration 9 : L — > W . We note that for any a G X(fi) and w G W, 9~ 1 (w) is 
a-invariant. It follows that for #(/i)-almost all w, \l w is invariant under translation 
by a(w). The set of w in W for which the subgroup generated by a(w) is not 
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dense in the closed subgroup generated by {a t (w) \ t G K} is a countable union of 
affine subspaces which are not vector subspaces; to see this note that for such a w 
there exists a character x on T such that x( a ( w )) is a nontrivial element of finite 
order. Since affine subspaces other than vector subspaces are of #(/i)-measure this 
implies that for #(yu)-almost all w, jj, w is invariant under translation by {a t (w)}. 
Hence /z is {a t }-invariant, so a t G X(n) for all t 6 1. The conclusion shows 
that X{ji) is connected, so being a closed subgroup of Horn (W, T) it is a vector 
subspace. □ 

A measure A on V = R d , d > 2 is said to be pure if every vector subspace with 
positive A-measure contains the subspace spanned by supp A; the latter can be a 
proper subspace. It can be seen that every A G P(V) can be expressed uniquely as 
a countable sum A = J2iei ^« w h ere {^i}iei is a family, finite or countably infinite, 
of pure measures on V, and for any distinct i,j G / the subspaces spanned by 
supp Aj and supp A^ are distinct; we call Aj's the pure components of A. For ready 
reference later we note the following. 

Lemma 4.2. Let A G P(lR n ) ; n > 2, and let A = J2 ieI Aj be the decomposition of A 
into pure components, where I is an indexing set. For all i let Wi be the subspace 
spanned by supp Aj. Then the following statements hold: 

i) If A is invariant under the action of a connected subgroup C of GL(n,~R) 
then each Aj is C -invariant. 

ii) If for all i there exist di G N such that \f has a density with respect to the 
Lebesgue measure on Wi, then every affine subspace ofW 1 with positive \-measure 
is a vector subspace. 

Proof, i) Let C be a connected subgroup of GL(n, M) such that A is C-invariant. By 
the uniqueness of the collection of pure components Aj, i G /, C must permute the 
components. For any i G / the subgroup of elements of C leaving \ invariant 
is a closed subgroup, and as / is countable we get that CjCi is countable; since C 
is connected this implies that C = Ci, so Aj is C-invariant. 

ii) Let A be an affine subspace such that \{A) > 0. Let i G / be such that 
Xi(A) > 0. Let B = {J2f =1 Vj \ Vj G A] = {d iV \ v G A}. Then \f(B) > \i(A) di > 

0. Since Xf is supported on Wi and has a density on Wi this implies B contains 
Wi. In particular G B, and since B = diA we get that G A. Therefore A is a 
vector subspace. 

Theorem 4.3. Let /i be a finite measure on L. Let 9(fi) = \i be the decom- 
position of 6(fi) into pure components and for alii let Wi be the subspace spanned 
by supp Aj. Suppose that for all i there exists di such that \ di has a density with 
respect to the Lebesgue measure on Wi. Let {aj} be a sequence in Horn (W, T) such 
that {aj(fi)} converges to a measure of the form r(fi), for some continuous auto- 
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morphism r of L fixing T pointwise. Then in the quotient space Horn (W, T)/X{fx) 
the sequence {ajX(n)} is relatively compact. 

Proof. The measure \i can be expressed uniquely as // = where /ij G P{L), 

i G I, are such that 0({ii) = Aj for all i. Then X(/a) = DX(^). By Lemmas 14. II and 
14.21 the condition in the hypothesis implies that each X(fii) is a vector subspace 
of Horn (W,T). Therefore to show that {aj + X(fi)} is relatively compact in 
Horn (W,T)/X(fi) it suffices to show that {aj + X(/ij)} is relatively compact for 
all i. In other words in proving the theorem we may assume that 9 (/a) is a pure 
measure. 

Let E be the subset of T consisting of all % G T such that {x ° ocj} is a 
bounded subset of T. Then E is a subgroup of T. Also, the defining condition 
for E readily implies that T/E has no nontrivial element of finite order. Let S 
be the annihilator of E in T. Then S is a compact subgroup, and the preceding 
observation implies that S is connected, namely a torus. Let 5" be a subtorus of T 
such that T = S'S, a direct product. Then each otj can be decomposed as (3j + jj 
canonically, with (3j G Horn (W, S'), and 7, G Horn (W, S 1 ), with Horn (W, S') and 
Horn (W, S) viewed as subgroups of Horn (W, T) canonically. 

We note that {f3j} is relatively compact in Horn (W, S'). To see this it suffices 
to know that {x Pj} is bounded for all characters x 011 Since the latter, 
viewed as characters on T, belong to E the desired property is immediate from the 
definition of E. 

We now consider a Borel section s of L/T into L such that A := s(L/T) is 
locally compact, and identify L and A x T as Borel spaces. For if G C C (L/T) and 
X G T, we denote by <£> £g> x the function on L defined by cp <g) x(^) = V 9 ( :r )x(^)) f° r 
all a; G A and t G T. The set of such functions is separating in P(L), as is easily 
verified using disintegration of measures on L with respect to the projections of 
L on L/T. Hence, we can test weak convergence of measures on L, using these 
functions. We disintegrate fi as // = f 5 X <8> /j, x dp,(x) where /i x G -P(T) for all x G A 
and /2 G P(L/T) is the projection of /x on L/T. 

Viewing elements of Horn (W, T) also as functions on L/T via the canonical 
projection of L/T on to L/R, for the measures <Sj(/i) we see that 

aj(fi)(<p <S> x) = J (p(x)x{t)x{®j{x))dfJ>x{t)dp,(x) = J <p(x)fi x {x)(x oi j )(x)dp,(x) 

for all j. We denote by /i* the projection on W = L/R of the measure with density 
<p{xyp, x (x) with respect to /2. Then the value of the above integral is fi%(x 
Since by the condition in the hypothesis a power 9{jj) d of 9(/jl) has a density with 
respect to the Lebesgue measure on W, the same holds for the measure //j* and 

hence fi* vanishes at infinity on W. Then, for x ^ E, and in particular for any 
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nontrivial character \ from S C T, {x ° Oj} is unbounded on W , and hence 
the preceding conclusion together with the fact that <x,(/i) — >■ r(/f) implies that 
T(ji)((p <S> x) = 0- This means that the measure r(/i) is translation-invariant under 
the action of elements of S. Since r is a continuous automorphism that pointwise 
fixes T, and in particular S, it follows that // is translation-invariant under the 
S'-action; thus \x x is S'-invariant for almost all x G L/T. Since for all j the image 
of 7j is contained in S, this shows that /i is invariant under for all j. Hence 
7j G for all j. Since = /3j7j for all j and is relatively compact this 

shows that {aj + X(fi)} is relatively compact. □ 



5 Some properties of roots of measures 

Given a Lie group G, a closed subgroup H of G and a subset A of P(G) we say that 
A/H is relatively compact, if for every sequence {A;} in A there exists a sequence 
{hi} in H such that {\ih{\ is relatively compact in P(G). 

Theorem 5.1. Let G be a Lie group (not necessarily connected) and suppose that 
there exists a continuous homomorphism r : G — > G onto an almost algebraic 
group G, such that kerr is a discrete central subgroup of G. Let a G P{G) and 
let ^ be a set of roots of a in P{G). Let M be the smallest closed normal G(^>)- 
invariant subgroup of Z°(a) such that Z°(a)/M is a vector group and the induced 
G(^)-action on Z°(a)/M is trivial. Then \&/M is relatively compact. 

Proof. Let v = r(a). We first prove that r(Z°(o-)) = Z°(u): Let C = r -\Z(u)) . 
For any g G G(a), {gzg^z^ 1 \ z G C} is a connected subset contained in kerr, 
and as the latter is discrete it consists only of the identity element. Therefore C 
is contained in Z°(o~). Also, since kerr is discrete, r(C) = Z°(u). Thus we have 
Z°{y) C r(Z°(a)). The other way inclusion is easy to see. 

We next show that ^ jZ{a) is relatively compact. Let {Aj} be a sequence in \1>. 
Then A, are factors of a and by a standard argument involved in the factor compact- 
ness theorems (see [6], [7], jl]) there exists a sequence {xi} in N(a) such that {XiXi} 
and {xJ l GXi} are relatively compact in P(G). Then {r(xj) _1 z/r(a;j)} is relatively 
compact in P(G). Since G is almost algebraic this implies that {r(xi)Z (u)} is 
relatively compact in N(u)/Z°(u) (see [7]). Since r(Z°(a)) = Z°(i>) this yields that 
{xiZ°(a)(ker r)} is relatively compact in N(a)/Z°(a)(ker r), and as Z°(cr)(kerr) 
is contained in Z(a) it follows that {xiZ(a)} is relatively compact in N(o~)/Z(o~). 
As {XiXi} is relatively compact this implies in turn that there exists a sequence 
{zi} in Z(a) such that {A^} is relatively compact. Therefore ty/Z(a) is relatively 
compact. 

Now let $ = r( 1 i r ). We note that G($) normalises Z°(u) and as they are 
almost algebraic subgroups the product G(<&)Z°(i>) is also almost algebraic and in 
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particular a closed subgroup of G. Let H = r~ l (G($)Z°(v)). Let tt : H ->■ if/M 
be the quotient homomorphism. Now, n(Z(a)) is a closed subgroup and as *ff/Z(a) 
is relatively compact we get that 7i(^/)/7i(Z(a)) is relatively compact. 

Let Z'ia) = Z (a)(ker r). Then Z'(a) is a closed subgroup and r(Z'(a)) = 
Z°(v). Since Z°(u) is of finite index in Z{v) this implies that Z(a)/Z'(a) is finite. 
Hence we get that 7r(\I/)/7r(Z'(cr)) is relatively compact. From the definition of M 
it follows that the conjugation action of G(fy) on tt(Z°(ct)) is trivial. The subgroup 
of G consisting of elements whose conjugation action on ir(Z (a)) is trivial is an 
almost algebraic subgroup of G. Since kerr is central and G($) is the smallest 
almost algebraic group containing r(G(^)) it follows that the conjugation action 
of r _1 (G($)) on 7i(Z°(a)) is trivial. Since Z°(a)/M is abelian this shows that 
7t(Z (ct)) is contained in the center of H/M, and hence so is n(Z'(a)). Together 
with the fact that 7r(\l/)/7r(Z'(er)) is relatively compact, by Proposition 3.4 of [8] 
we get that {ti(^/)} is relatively compact. Since ^/Z(a) is relatively compact and 
ker7r = M this shows that ty/M is relatively compact; for a sequence {Aj} in \I/ if 
{zi} is a sequence in Z(o) such that {A^} is relatively compact then we get that 
{n(zi)} is relatively compact and so {z^ can be replaced by a sequence in ker7r. 
This proves the theorem. □ 

As before let Q be the smallest closed normal subgroup of G(u) such that 
G(v)/Q is a vector group. We note that Q is the subgroup of G(v) contain- 
ing [G(u),G(u)], such that Q/\G{u),G(v)\ is the maximal compact subgroup of 
G(u)/[G(v), G{u)]. Hence Q is an almost algebraic subgroup of G. Moreover, 
since G(v)/Q is a vector group, and in particular has no finite subgroup, it fol- 
lows that Q is Zariski closed in G(y). Therefore G{v)/Q is an almost algebraic 
group. Let V = G(v)/Q, equipped with its structure as an algebraic group. The 
characteristic property of Q as a subgroup of G(v) shows also that Q is normal in 
N(y). Let rj : N(u) — > N(y)/Q be the canonical quotient homomorphism; we have 
rj(G(u)) = V. For g £ N(u) let c g : V — > V be the transformation induced by the 
conjugation action of g on G{v). Let N\{v) be the subgroup of N{y) consisting of 
all elements g such that the measure r)(v) is invariant under the action of c g . 

Remark 5.2. Given a Lie group G (or more generally a locally compact group) 
and \i G P(G), if G(/j) is abelian and A is a root of /x supported on xG(ix), with 
x G N(fjL), then \i is invariant under the conjugation action of x on G{p) (see [TTj . 
Lemma 2.2). 

Proposition 5.3. Let the notation be as above. Then we have the following; 

i) {c g | g G Ni(v)} is a compact subgroup of GL(V); 

ii) if $ is a set of roots of v in P(G) then {c g \ g G G(Q)} is compact and 
preserves rj{y). 
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Proof, i) This follows from Corollary 2.5 of [2J, since {c g \ g G N(u)} is an almost 
algebraic subgroup of GL(V) and G(rj(u)) = V. 

ii) For all p G $, r/(p) is a root of n(z/) G -P(V) and as V is abelian, by 
Remark 15.21 supp p is contained in N\(y). The compactness of {c g \ g G iV-f^z/)} 
implies in particular that Ni(u) is an almost algebraic subgroup. Therefore G($) 
is contained in Ni(u). Also, since is an almost algebraic subgroup {c g \ g G 

£?(<&)} is closed. Hence by (i) it is compact, and it preserves T)(u), since G($) is 
contained in Ni(y). □ 



6 Embedding of infinitely divisible measures 

Our next objective is to prove the following theorem, from which Theorem 11.31 can 
be deduced. 

For any finite measure A on a Lie group G we denote by /(A) the subgroup 
{g G G | gX = Xg} and by J(A) the subgroup {g G G \ gX = Xg = A}. We note 
that /(A) and J(X) are closed subgroups and J (A) is normal in /(A). 

Theorem 6.1. Let G, T and q : G -> G/T 6e as in TheoremUIB Let p G P(G) ; 
cr = g(p), and suppose that a has no nontrivial idempotent factor in P{G/T). Let 
^ be a root cluster of p, and let M be the smallest closed normal G(ty) -invariant 
subgroup of Z°(a) such that Z°(a)/M is a vector group and the induced G(^)- 
action on Z°(a)/M is trivial. Suppose that, in G/T, G(q(^/)) normalizes q(I(p))n 
M. Then there exists a rational embedding {p r } r <=Q+ of p, such that p r G \I> for all 
r G Q + . 

Apart from the results of the previous sections, for the proof of Theorem 16.11 
we need certain general results. We begin by recalling these. 

Firstly we recall the following result from [3], extending analogous results 
proved in [9] under some restrictions on the subgroup TV as in the statement of the 
theorem below. Let if be a Lie group and o G P{H). We recall (from [5j) that a 
root p of a is said to be compatible with a Lie subgroup iV of N(a) if p G P(xG{o~)) 
for some x G N(o~) which normalises N. The following is Corollary 2.4 from [5], 
with a co-finite subset of N in the place of S there. 

Theorem 6.2. Let H be a Lie group. Let a G P(H) and for each k let pu be 
a k\ th root of a . For all n G N let S n = {p^ n! | k > n}. Let N be a closed 
compactly generated nilpotent subgroup of Z(o~). Suppose that all pt are compatible 
with N and that S n /N is relatively compact for all large n. Then there exist 
sequences {kj} in N, {zj} in N° and no G N such that kj — > oo as j — >• oo 

and {zjp k k 3 J n ' zj l \ j G N, kj\ > n!} is relatively compact for all n > n . 
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We need also the following result from [TS]. It may be noted that the condition 
in the hypothesis of Theorem 16.11 is connected with the use of this theorem. 

Theorem 6.3. Let G be a Lie group and o G P(G). Let Xj G P(G) be a rijth 
root of a, where rij — » oo as j — >■ oo. Let {xj} be a sequence in Z(a) such that 
{XjXj} converges to a measure A G P(G). Then there exists x G 1(a) such that the 
support of X is contained in xJ(a). 

Proof. Each XjXj is a factor of a and hence it follows that the limit A is a factor of 
er. Also, for any k G N, (XjXj) k can be expressed as X k yf\ with yj- G Z(o~) (see 
[9], Proposition 2.2 for an idea of the proof). Hence (XjXj) k is a factor of a for all 
j such that Uj > k. As (XjXj) k — > A fc as j — > oo and nj — > oo, we get that A fc is a 
factor of a for all k. The theorem now follows from Theorem 2.4 of [18]. □ 

To prove the general case of Theorem 16.11 we will need also the following the- 
orem, which enables to reduce to a situation where Z°(a) contains a cocompact 
simply connected nilpotent normal subgroup. We postpone proving it, until § 7, 
and go over to the proof of Theorem I6.lt we note that for certain Lie groups, such 
as the groups involved in Corollary II. 5[ the conclusion of Theorem 16.41 is readily 
seen to hold. 

Theorem 6.4. Let G be an almost algebraic group and v G P{G). Let $ be a 
set of roots of v. Suppose that G($)/G(z/) is connected. Let K be the smallest 
almost algebraic normal subgroup of Z°(v) such that Z°(i>)/K is a vector group. 
Then there exists an almost algebraic subgroup H o/G($) such that the following 
conditions are satisfied: 

i) for all p G $ there exists z G K such that zpz^ 1 G P(H), and 

ii) if U is the unipotent radical of and P = G(v)U , then H contains 
P and the quotient (Z (u) (1 H)/(Z°(i>) fl P) is compact; furthermore Z°[y) fl H 
contains a simply connected nilpotent cocompact normal almost algebraic subgroup. 

We now begin the proof of Theorem 16 . 11 Let the notation be as in the hy- 
pothesis. Also, let v = p(p). Let \l/ be a root cluster of p in P{G). The subgroup 
G(p(^)) (see § 2 for definition) being an almost algebraic subgroup has only finitely 
many connected components; let c be the number of the components. Now, let 

= {p c | p, p c G It is straightforward to see that is also a root cluster of p 
contained in Furthermore G(p(^>')) / G(v) is connected. Therefore, in proving 
Theorem 16. X ^ replacing \1/ by and modifying the notation we may assume that 
G(p(^)) /G{y) is connected. 

The conditions of Theorem 16.41 are satisfied for G, v as above and $ = p{^). 
Let H be an almost algebraic subgroup of G($) for which the assertions as in 
that theorem are satisfied. Now let G' = p~ l (H)/T, and let q : p^ 1 (H) — > G' 
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and r : G' — > H be the quotient homomorphisms. We note that r is a covering 
homomorphism onto the almost algebraic group H. Now let = \I/ n P(p^ 1 (H)). 
We note that \1>* is a root cluster for p, which we now view as a measure on p~ l (H): 
given n G N there exists p e $ such that p n = p and by condition (i) in the 
conclusion of Theorem 16.41 there exists x G p~~ l (K) such that xpx^ 1 G P(p~ l (H))\ 
since C Z(p) and \I/ is a root cluster we get that xpx~ x G showing that 

\£* contains a n th root of p, for any n; the other conditions as in the definition 
of a root cluster are straightforward to verify. Replacing \1/ by \P* if necessary and 
modifying the notation, in proving Theorem 16. II we may without loss of generality 
assume that \1/ is contained in p~ 1 (H). 

Now let M be the subgroup as in the hypothesis of Theorem 16. II Then by The- 
orem l5"7Tl (j , (\l/) IM is relatively compact. By assertion (ii) of Theorem 16.41 Z (u) C\H 
admits a cocompact almost algebraic simply connected nilpotent normal subgroup. 
We note that r(M) is an almost algebraic subgroup of Z°{v) D H and hence we 
get that r(M) contains a cocompact almost algebraic simply connected nilpotent 
normal subgroup. Since such a subgroup is necessarily unique, it follows that it is 
normalised by Since r(Z°(q(p))) = Z°(u) R H this implies that M contains 

a cocompact simply connected nilpotent normal subgroup, invariant under the ac- 
tion of we shall denote the subgroup, which is unique, by N. Then q(^)/N 
is relatively compact. 

Towards the proof of the Theorem 16.11 we shall now first prove the following. 

Proposition 6.5. Let the notation be as above. Also, for all k G N let p^ be a 

k\ th root of p contained in \E'. For alln G N let S n = {q(pk) kl ^ n \ k > n} C P(G'). 
Let N' = N fl q(I(p)) Then S n /N' is relatively compact for all large n. 

Proof. Let R be the subgroup of p^ 1 {G(v)) consisting of all g such that il) p i z ) (p(g)) = 
e, the identity element, for all z G q~ 1 (M). By Lemma 12.11 R contains p~ 1 {Q). 
Therefore p~ l (G{v)) / R is a quotient of G{y)/Q and hence a vector group. Let 
W = p^ 1 (G(u))/R, equipped with the induced vector space structure. Also, 
p(R)/Q is invariant under the action of G(&) on G(v)/Q. Moreover by Corol- 
lary E3] every fixed point of the G($)-action on G{v)/Q is contained in p(R)/Q. 
Since the G($)-action on G{v)/Q is through a compact group (see Proposition [573]) 
this further implies that the induced G($)-action on W has no nonzero fixed point. 

Let 9 : p _1 (G(z/)) — > W be the quotient homomorphism. We write p as po + p', 
where p is supported on R and p\R) = 0. 

Now let A = {(k,n) \ k,n G N,k > n}. For any 5 = (k,n) G A let 6 S = 
q(pk) k ^ n - As q^^/N is relatively compact we get that there exists a family {x$}seA 
in iV such that {65X5} is relatively compact. Moreover for a subset E of A and 
a closed normal subgroup H of N, {9s \ 5 G E}/H is relatively compact if and 
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only if {x$H}s e E is relatively compact in N/H. We note that ip z is trivial for all 
z G [N,N], and hence it follows that [N, N] is contained in q(I(/j,)). Therefore 
N PI q(I(fi)) is a normal subgroup of iV. To prove the proposition it therefore 
suffices to show that {x^ >n ) I k > n}/(N PI is relatively compact for all 

large n. By the definition of i?, ip p ( z )(p(g)) = e for all g G i? and z G g~ 1 (M), and 
in particular for all z G g _1 (A^). Since the support of /i is contained in R, this 
implies that g(/(/i )) contains iV. Hence N PI g(/(/i)) = A" D g(I (//')) = A 7 , say 

Suppose, if possible that {xr^N' | > is not relatively compact for in- 
finitely many n. We can then find sequences {kj} and {fij} in N, such that, kj > nj, 
rij — >■ oo and {x(jfc. jn .)iV} has no convergent subsequence in N/N'. For all j G N let 

9j = q(p k k 3 J n3 ) and Xj = x^ jtnj )- Then is relatively compact. Let A G P{G') 

be a limit point of {6jXj}. By Theorem 16.31 there exists x G I(q(fi)) such that 
supp A is contained in xJ(q(p)) (notation as in Theorem 16.31) . The normalised 
Haar measure of J(g(/i)) is an idempotent factor of and since by hypothe- 
sis q(fj,) has no nontrivial idempotent factor we see that J(q(fi)) is trivial. Hence 
A = 5 X with x G I(q(p)). 

For every j let <pj be a rij th root of \i such that = Oj. Let G G be 

such that q(yj) = Xj. Then {<f>jUj} has a limit point, say a G -P(G) such that 
q(a) — A = S x . Let y G G be such that q(y) = x. Then a = y(3 for some (3 G P(T). 

For all j we have the identity /x = ((fijVj) {yj 1 ^/ Since is relatively 

compact it follows also that {yj 1 ^ 1 } is relatively compact (cf. [17J, Chapter III, 
Theorem 2.1) and hence has a subsequence which converges, to say 7 G P{G). Then 
passing to limit along such a subsequence we have \i = y(3-y. Also {y^ /•%} = 

{(yj 1 ^ 3 1 )(0j%)} converges along the subsequence to = 'yfiy = f3^y = 

y~ x \iy\ note that since [3 G P(T), yf3 = l3y and 7/? = f3j. Thus y~ l py is a limit 
of a subsequence of {yj nyj}. It follows also that {yj n'yj} has a subsequence 
converging to y~ x p!y. 

Now let L = p~ x {G(y)). We apply Theorem 14.31 to this L, with H 7 as above, 
and // in the place of [i there. Let A = O(fi'). We recall that the G($)-action 
on W has no nonzero fixed point, and it preserves A (see Proposition I5.3p . Then 
by Theorem 13.21 the pure components A; of A are such that have a density 
on the subspace spanned by supp Aj, for some dj, and hence the condition in the 
hypothesis of Theorem 14.31 is satisfied. We note also for any z G q^ 1 (N) and 
g G L we have z~ 1 gz = ga z (6(g)), where a z : W — > T is the map given by 
a z (9(g)) = g^z~ l gz = ip z -i(p(g)) (in the notation as before) for all g G L. Since 
{yj f/yj} has a subsequence converging to y^fx'y, in view of these observations 
Theorem 14.31 implies that the sequence {xjN'} has a convergent subsequence in 
N/N'. As this contradicts the choice of {xj}, we get that S n /N' is relatively 
compact for all large n£N. This proves the proposition. □ 
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Completion of the proof of Theorem \ 6.1\ We follow the notation as above. By 
Proposition 16.51 S n /N' is relatively compact for all large n. Recall that by hy- 
pothesis q(I(p)) R M is normalized by £?($). Also, as seen above N is normalized 
by Hence N' = N n (g(/(yu)) n M) is normalized by This shows 

that all q(pk), k G N are compatible with iV 7 . Hence by Theorems 16.21 there ex- 
ist sequences {kj} in N, {zj} in N' and no e N such that kj — > oo as j — >■ oo, 
and {zjq(pk G N, fcj! > n!} is relatively compact for all n > n . For 

all j let (j G g -1 (zj). Since the conjugation action of q~ 1 (N') leaves p invari- 
ant, each CjPk] Cj _1 is a ro °t °f A*- F° r a U n — n o ; since {?(CiP^ C/ 1 )} = 
{^•^(/Ofcj-)*''' z 7 ^ s re l a ti ve ly compact and the kernel of q is compact it follows 
that {CjPk'j C/ 1 } is relatively compact. Following a standard argument with lim- 
its we can now find k\ th roots p±/k\, k > 2, such that (pi/k\) k = A*i/(fc-i)! for all 
k. We now define for r = p/q, where p, q e N, /i r to be /x^, ; in view of the 
preceding conditions it follows that p r defined in this way is indeed independent 
of the representation of r as p/q. It is also straightforward to see that {p r } is a 
rational embedding of p contained in \1>. This proves the first statement in the 
theorem. As noted before the later statements are well-known consequences of 
the first one. This completes the proof of the theorem (assuming the validity of 
Theorem E3D- □ 



7 Measures on almost algebraic groups 

We now prove Theorem 16 .41 on "reducing" an almost algebraic group so that Z{y) 
contains a simply connected nilpotent cocompact normal subgroup. The proof is 
along the lines of the reduction theorem in [8] and |H] , the crucial additional point 
being that the conjugating elements are chosen from the subgroup K, rather than 
the whole of Z(y). 



Proof of Theorem \6.4\ Let U and P be as in (ii) in the statement of the theorem. 
As G{y) and U are normal almost algebraic subgroups of G($), so is P. As U 
is the unipotent radical of G(<&)/P is a reductive almost algebraic group. 

Also, since G{$)/G{v) is connected, so is G($)/P. Now let Z' = (G(<f>)nZ(u))°P, 
which is an almost algebraic subgroup of Then Z'/P is a connected almost 

algebraic normal subgroup of G{$)/P and hence there exists an almost algebraic 
normal subgroup R of G(<&) containing P and such that G($)/P is the almost 
direct product of R/P and Z'/P, namely, <5($) = RZ' and (R n Z')/Pjs finite. 
Now let if be a closed subgroup of containing R and such that H/R is a 

maximal compact subgroup of G(<&)/R. Let K' — K n Z' . Then K' is an almost 
algebraic normal subgroup of Z' and Z 1 / K' is a vector group. We note that RK' 



17 



is an almost algebraic normal subgroup of G(<&) such that G{§) / RK' is a vector 
group, and hence in particular H is contained in RK' . Clearly if is a maximal 
compact subgroup of RK' . 

Let p G $ and x G be such that p G P(xG(i/)). As xG(z/) is of finite order 
in G($)/G(z/), so is xR in G($)/P. By conjugacy of maximal compact subgroup 
we therefore get that xR is conjugate in K'R/R to an element of H/R. Therefore 
there exists az6i? such that zxz~ x G H. Hence zpz~ l G P(H). This proves (i). 

Now, (Z°(z/)) H H)P is an almost algebraic and hence a closed subgroup, and 
(Z (u))f]H)P/P is topological^ isomorphic to (Z°(v)nH)/(Z°(v)r\P). Therefore 
to prove (ii) it suffices to show that (H fl Z°{y))P/P is compact. Recall that 
G($) fP is an almost direct product of Z°(y)P/P and P/ P. Also if contains P and 
H/R is compact. The preceding observation therefore implies that {H P\Z° (v))P / P 
is compact, as sought to be shown. 

Now let W be the unipotent radical of Z{y) n P. We show that {Z{y) n P)° 
is contained in fl G{y)yW . As is the unipotent radical of Z{y) fl P by 

Levi decomposition there exists a reductive almost algebraic subgroup L such that 
{Z{y) PI P)° = LVF. Since ^ is contained in the unipotent radical of P°, we get 
that there exists u G U such that uLu~ x is contained in Cr°(z/). But U is contained 
in N(u), so this means that L is contained in G{v). This proves the claim as above. 
Now let A be the^ maximal almost algebraic^ vector subgroup of the abelian almost 
algebraic group G(v) fl Z{y)\ in particular G{y) fl Z(y)j A is compact. Then AW is 
a normal almost algebraic subgroup of Z[y) fl H and since A centralizes W, AW 
is a simply connected nilpotent Lie group. Also, since Z°(u) fl P is cocompact in 
Z°(v) n ii the above observation shows that {Z°{v) fl H)/AW is compact. This 
proves the theorem. □ 



8 Concluding results 

In this section we shall deduce the results stated in the introduction. To relate 
Theorem 11.31 to Theorem 16.11 we need the following proposition. 

Proposition 8.1. Let the notation G,G,p,q and T be as in Theorem \1.3[ Let 
p, G P(G), a = q(p) G P(G/T) and v = p(p) G P(G). Let ^ be a root cluster 
of p such that G(p(^>)) / G(v) is connected. Let M be the subgroup of Z°(a) as in 
Theorem \6.1[ Then q(I(p)) fl M is normalized by G(q(^)). 

Proof. Let R be the subgroup of p^ 1 {G{v)) consisting of all g in G such that 
i)p<z){p{g)) = e for all z G g _1 (M). From Remark 12.21 we see that R is a closed 
normal subgroup of p _1 (G(z/)) and p _1 ((5(z/))/P is a vector group, a quotient of 
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V, which we shall denote by W. Also, R is invariant under the conjugation action 
of G(ty) and by Corollary 12.41 the induced G(\I / )-action on p~ 1 {G{v)) / R has no 
nonzero fixed point. Let $ = p( 1 i r ) and G± = we note that G± contains 

p^iGi^u)) and R as normal_ subgroups. Let 9 : G\ — > G%/R be the quotient 
homomorphism; then 9{p~ 1 (G{y))) = W. 

We write fi as /xo + A 4 ' where /x 6 -P(-R) an d /^'(-R) = 0. As c/ _1 (M) centralizes R 
it follows that /(//) flg _1 (M) = /(//) nc/ -1 (M). Now we express // as // = J2i a iA*i> 
with i running over a suitable countable indexing set, cij's positive real numbers 
such that J2i a i = I; an d A*« are probability measures such that a^(/Xi) are the pure 
components of (see § 3). Such a decomposition is unique and in particular this 
implies that I(p)r\q~ 1 (M) = Hi ng -1 (M)). For each i let be the subspace 
of W spanned by 6*(/ii), and let dj = dimlVj. By Proposition 15. 3[ 9(fi) is invariant 
under the induced action of G(<&) on W. The action of G(v) on W is trivial, and 
hence the G(<3>)-action involved is through the quotient group G($) /G{y). As the 
latter is a connected group, by Lemma FOl we get that a i 6'(/ij), which are the pure 
components of 9(n), are G($)-invariant for all i E I. In particular each Wi is also 
G($)-invariant, and in view of the invariance of the measure the action on Wi is 
via a compact subgroup of GL(Wi). Furthermore since the G($)-action on W has 
no nonzero fixed point and by hypothesis G($)/G(y) is connected, by Theorem l3.2l 
we get that 9(fii) di has a density in Wi. 

Now consider the partition of G into cosets of T and let {^}^g/t be a system 
of conditional measures for \i with respect to the partition. It is easy to see that 
there exists a sequence of pairwise disjoint Borel subsets {Bi} of G/T such that 
q(Hi)(Bi) = 1. Therefore the system of conditional measures as above can also 
be chosen so that it is a system of conditional measures for each /i,, over the 
quotient measure c/(/ij), for each index i. For g G q~ 1 (M), each fibre £ = xT, 
x G G, is invariant under the conjugation action of g and the action on £ is given 
by translation by the element g% = gxg~ 1 x~ 1 G T, which is independent of the 
choice of x in £. Hence for g G /(/i) PI c/ -1 (M), for cr-almost all £, /i^ is invariant 
under the translation action of g%. For £ G G/T let be the smallest closed 
subgroup of T containing {g^ \ g G J(/i) fl g -1 (M)}. Then for cr-almost all £, //£ 
is invariant under Sg. We shall show that is constant g(/ij)-a.e.. Let C denote 
the family of all closed subgroups of T. We recall that C is countable. For CgC, 
let Ic — {£ G G/T | C C}. Then I c is a closed subgroup of G/T. We have 
cr(Ucec^c) = 1, and hence for every index i, g(yUj)(U Ce c^c) = 1- 

Now consider any index i. By the above observation there exists C G C such 
that q(ni)(I c ) > 0. Then 9(/j,, i )(9(q~ 1 (I c ))) > 0, and since has a den- 
sity when viewed as a measure on Wj, this implies that the closed subgroup 
9(q — l(Ic) H PVj has positive Lebesgue measure in Wi, hence it equals Wi and 
so 9({j, i )(9(q~ 1 (Ic)) = 1. On the other hand g _1 (Jc) is a subgroup containing 
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R = ker 9, and hence 9(p i )(9(q~ 1 (I c ))) — / u i(9 _1 (-^c)) — so we have 

q(fjbi)(Ic) = 1. Let C be the family of all C G C such that q(jii)(Ic) = 1; by 
our observations above C is nonempty. It can be seen from dimension and car- 
dinality considerations that every nonempty collection of subgroups from C has 
a minimal element. Let Co be the minimal element in C. Then q(pi)(Ic ) = 1 
and g(//j)(Jc) = for all C G C such that C C C and C 7^ C . It follows that 
for g(/Xj)-almost all £, = Co. Let £ = {a; G G S'zt = Co}; then we have 
Pi(E) = 1. Since for any £ G G/T and £ G i?/T we have 5^ = g^g^ = we 
get that ER = E. Also, as noted above 9(pi) is invariant under the action of 
G($) and hence in particular that of C( V I / ). Therefore for any y G G(^f), we have 
fi^yEy- 1 ) = m{yEy- x R) = e^^yEy- 1 )) = 9{p 1 ){9{E)) = m{E) = 1. 

Now let g G I(p) fl g _1 (M) and y G C(\I / ) be given. In particular g G 
Also, q~ l (M) being G(V')-invariant, we get that ygy^ 1 G g -1 (M) and its action on 
the fibre £ = xT is given by 

(ygy'^xiygy' 1 )' 1 ^ 1 = yg(y' 1 xy)g' 1 (y' 1 xyy 1 y' 1 = g(y' 1 xy)g' 1 (y' 1 xyy 1 , 

the last equality being a consequence of the element being contained in the center; 
thus the action is by translation by g y (£), where = {y~ x xy)T. It follows that 
if £ G G/T is such that both £ and are contained in E, then pg is invariant 
under the action of ygy' 1 . Since fii(E) = piiyEy^ 1 ) = 1 this indeed holds for 
g(pi)-almost all £, which shows that p^ is invariant under the conjugation action of 
ygy^ 1 , namely ygy^ 1 G /(pi). Since this holds for all z it follows that ygy~ l G /(p). 
This proves the proposition. □ 

Proof of Theorem \1.3\ As in the proof of Theorem I6.1[ replacing $ by a root 
cluster \&* contained in it (consisting of certain fixed powers) we may assume that 
such that G(p(\I / ))/G(p(/i)) is connected. When this holds, by Proposition 18 . 1 1 the 
condition as in Theorem 16.11 is satisfied and hence it follows that there exists a 
rational embedding {p r } re Q+ of p such that p r G \I> for all r G Q + . This proves 
the theorem. □ 

Proof of Corollary \l-4\ Let T be the maximal torus in N. Then there exists a 
representation p : G — > GL(n, M), for some n G N, such that kerp is contained in 
the center of G and (ker p)° = T (cf. [IS])- Now, [p(G), p(G)) is an almost algebraic 
subgroup (cf. and also p(N) is an algebraic subgroup (cf. [19J ) , so we get that 
[p(G), p(G)]p(N) is almost algebraic. Let G' be the closed subgroup of G containing 
[G,G]N such that G' /[G,G]N is the maximal compact subgroup of G/[G,G]N. 
Then G' is a closed connected subgroup of G such that G/C is a vector group. 
The latter implies in particular that G' contains ker p and hence p(G') is a closed 
subgroup of p(G). From the choice of G' we now get that p(G')/[p(G), p(G)]p(N) is 
compact, and since [p(G), p(G)]p(N) is almost algebraic, this implies furthermore 
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that p{G') is algebraic. We can therefore apply Theorem 11.31 to G', in place of G 
there. Now let p G P{N) and suppose that it is infinitely divisible in P(G). Then 
jj, G P(G'). Also, since G/G' has no elements of finite order, all roots of p are 
supported on G' and so p is infinitely divisible on G'. Let q : G' — > G'/T be the 
quotient homomorphism. As T is the maximal torus in N, N/T has no nontrivial 
compact subgroup. Since any idempotent factor is the Haar measure of a compact 
subgroup (see [13]) this shows that q(u) has no nontrivial idempotent factor. Hence 
by Theorem 11.31 p is embeddable in P(G'), and hence also in P(G). □ 

For the proof of Corollary 11.51 we recall some known results. Let G be a Lie 
group. Ape P(G) is said to be strongly root compact if the set {p k \ p n = p,, 1 < 
k < n} is relatively compact in P(G), and it is said to be factor compact if its set 
of (two-sided) factors, namely A G P(G) for which there exists v G P(G) such that 
p = Xv = uX, is compact. A factor compact measure is strongly root compact. A 
strongly root compact measure which is infinitely divisible is embeddable (see |13j . 

[El). ' 

Proposition 8.2. Let V = M 2 and let G be the semidirect product of SL(2, M) and 
V with respect to the natural linear action. Let p G P{G) be such that p P(V). 
Then there exists a closed subgroup G' containing G(p) such that the following 
conditions are satisfied: (i) if p G P{G) and p 2n = p for some n G N, then 
p 2 G P(G'), and (ii) p is strongly root compact in G' . 

Proof. Let r] : G — > SL(2,M) be the quotient homomorphism, and let v = t](p). 
Let A be the subgroup of SL(2, R) consisting of all diagonal matrices with positive 
entries, and let N be the subgroup consisting of all upper triangular unipotent 
matrices. From the structure of subgroups of SX(2,R) we know that at least one 
of the following must hold: (a) G{v) contains a conjugate AN in SL(2, R); (b) G{v) 
is a nontrivial compact subgroup; or (c) G°(u) is a conjugate of A or iV in SL(2, R); 
see [H] for instance, for an idea of the proof. If (a) or (b) holds then it can be seen 
that Z(p) is a compact subgroup of G. As G is an algebraic group this implies 
that p is factor compact (cf. [7]). Therefore it is strongly root compact, and the 
assertion in the proposition holds for G' = G. 

To prove the assertion when Condition (c) holds we may, after applying a 
suitable conjugation, assume that G°(v) = A or N. Then N(v)/G°(v) has a normal 
subgroup F containing 2 or 4 elements such that the corresponding quotient has 
no elements of finite order; if G°(i/) = A then F has 4 elements and the quotient is 
trivial, while if G°(v) = N then F has 2 elements and the quotient is isomorphic to 
R. Let E be the subgroup of N(u) containing G°(u) and such that F = E/G (u). 
Then E° C G(u) C E. Also, from the choice of F we see that N(y)/E has no 
elements of finite order, and therefore it follows that all roots of v are supported 
on E. Correspondingly, for p we have rj~ l (E ) C G(p) C r]~ l (E) and all its roots 
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are supported on j]~ x {E). If G(v) = N we set G' = T]~ 1 (N). Since F as above 
has only two elements in this case, it follows that p 2 G P{G') for all p such that 
p 2n = ft for some n E N. Also, iV is a connected nilpotent Lie group and hence it 
follows that ft is strongly root compact (see [13], Chapter 3). Thus the assertion 
as in the proposition holds in this case. 

Next suppose that G(v) ^ N . Under this condition, if V fl G(fi) is nonzero, 
then Z(fi) is compact and hence we are through as before. We may therefore 
assume that V fl G(fi) = {0}. Then V fl iV(/i) is also trivial, since if v G V 
normalizes G(ft) then v is a fixed point of the linear action of G(z/), which can 
not hold for any nonzero vector when G(v) ^ N . Hence the restriction of rj to 
N(ft) is an isomorphism of N(fi) onto E. It therefore suffices to prove the desired 
statement for ft G P{E) with all roots contained E. If G(ft) is nonabelian, which 
is possible only in the case G°(i>) = A, then Z(ft) is compact and the assertion in 
the proposition holds as before. If G(ft) is abelian, we choose G' to be the abelian 
subgroup of index 2 in E, and see that the requisite conditions are satisfied for this 
choice. This proves the proposition. □ 

Proof of Corollary \1.5\ Let G be the semidirect product of 5L(2,R) and N, as 
in the hypothesis, and ft G P{G) be infinitely divisible. Let T be the maximal 
torus in N. We shall show that ft is embeddable, and that if infinite divisibility 
holds in P(H), where if is a closed connected subgroup containing G(ft), then 
an embedding may also be found in H; in this respect it suffices to consider H 
containing T since for any closed connected subgroup H, HT is a direct product of 
H and a subtorus of T, and embeddability on the latter implies embeddability on 
H. If fi G P{N) then Corollary 11.41 implies that fi is embeddable; we note also that 
if p. G P{H) for a closed connected subgroup H of G, containing T, then H fl iV is 
contained in the nilradical of H and hence Corollary 11.41 may be applied to H in 
place of G to conclude that fi is embeddable in P(H). 

Now suppose that ft P(N). Let q : G — > G/T be the quotient homomor- 
phisms. Then q(fi) ^ P(N/T). Hence by Proposition 18.21 we get that there exists 
a closed subgroup G' of G/T containing G(q(fi)) such that for p G P{G/T) we 
have p 2 G P{G') whenever p 2n = q(fi) for some n G N, and q(fi) is strongly root 
compact on G'. Let L = q^ 1 {G'). Then fi G P{L) and if n G N and p G P{G) is a 
2nth root of ft then p 2 G P{L). This shows that fi is infinitely divisible in P(L). 
On the other hand since q(fi) is strongly root compact on G', and the kernel of q 
is a compact central subgroup it follows that fi is strongly root compact on L (see 
[T5]). Together with infinite divisibility in P(L) this implies that is embeddable 
in P(L) (see [T3], Chapter 3, or [U]). Hence /i is embeddable in P{G). Also if 
if is a closed connected subgroup of G containing T and such that fi is infinitely 
divisible on H, we can choose L = H C\q~ 1 (G') and arguing as above conclude that 
ft is embeddable in P(L) C P{H). This proves the Corollary. □ 
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Proof of Theorem [Qj Let G be a connected Lie group and \x G P{G) be an 
infinitely divisible measure such that G([/,)/[G(fj,), is compact. Let H be the 

closed subgroup of G containing [G, G] and such that H/[G,G] is the maximal 
compact subgroup of the connected abelian Lie group G/[G, G). The condition on 
fi implies that G(/x) is contained in H. Furthermore, since G/H is a vector group 
we get that all roots of /i are supported on H, so \i is infinitely divisible on H. 
Therefore in proving the theorem, by suitably replacing G we may assume that 
G/[G,G] is compact. When this condition is satisfied G admits a representation 
p : G — > G onto an almost algebraic group G, such that kerp is contained in the 
center of G and (kerp) is compact; this may be seen by arguing as in the first part 
of the proof of Corollary II. 4[ and noting that compact connected linear groups 
are algebraic. We then proceed as in the proof of Theorem 11.31 In view of the 
assumption that G(fi)/[G(p), G(p)] is compact, the vector space V as in the earlier 
sections is trivial, and fi is in fact supported on the subgroup R as in § 6. For such a 
measure it may be seen from the proof of Theorem 16.11 that the condition that q(p) 
has no idempotent factor is not involved in completing the proof of the conclusion 
that every root cluster of \x contains a rational embedding of \i. Thus the argument 
shows that fi is embeddable in P(G) under the conditions as above. □ 
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